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A pair [f, ,fe] of integral-valued arithmetical functions is said to be uniformly 
distributed modulo [ql , qa], where q1 and q2 are integers > 1, if, for every 
pair [rI , rz] of integers, the set of those positive integers n which satisfy 
f,(n) = r1 (mod ql) and j&z) = r2 (mod qz) 
has density 1 /(q1q2). 
We give necessary and suthcient conditions for a pair of integral-valued 
additive functions to be uniformly distributed modulo [ql , q2] in the case when 
(q1,q*)> 1. 
1. INTR~OUCTION 
Letf be an integral-valued arithmetical function and let q be an integer 
greater than 1. 
We say that f possesses an asymptotic distribution law modulo q if, for 
every integer r, the set of those positive integers n which satisfy 
f(n) = r (mod q) 
possesses a density. 
We say that f is uniformly distributed modulo q (u.d. mod q) if, for 
every integer r, the above considered set possesses density l/q. 
Instead of a single arithmetical function and a single integer one may 
consider a system of s integral-valued arithmetical functions fi ,fi ,...,f, 
and a system of s integers q1 , q2 ,..., qs greater than 1. 
Then we say that the system [fi ,fi ,...&I possesses an asymptotic 
distribution law modulo [ql , q2 ,..., qs] if, for every system [rl , r2 ,..., r,] 
of s integers, the set of those positive integers n which satisfy 
fj(n) E rj (mod qJ for j = 1, 2,..., s 
possesses a density. 
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We say that the system V; ,fi ,...,fJ is uniformly distributed modulo 
kl 3 q2 ,**-3 q91 W. mod kl , q2 ,..., q8J) if, for every system [rr , r2 ,..., r,] of 
s integers, the above considered set possesses density 1/(qIq2 a** qJ. 
In a previous paper1 we proved that any integral-valued additive function 
possesses an asymptotic distribution law modulo any integer greater than 1, 
and any system of s integral-valued additive functions possesses an asymp- 
totic distribution law modulo any system of s integers greater than 1. We 
gave necessary and sufficient conditions for an integral-valued additive 
function to be uniformly distributed module a given integer greater 
than 1. 
For a pair V; ,f2] of integral-valued arithmetical functions to be 
uniformly distributed modulo a given pair [qI , qS] of integers greater than 
1, it is obviously necessary that fi be u.d. mod qI and fi be u.d. mod q2 . 
We proved that, iffi and f2 are assumed to be additive, then this necessary 
condition is also suflicient when qI and q2 are coprime, but it is not when 
(q13q2) > 1. 
We proved a theorem which provides sufhcient conditions for a pair 
V; , f2] of integral-valued additive functions to be u. d. mod [qI , q.& in the 
case when (ql , q2) > 1. But we did not obtain necessary and sufficient 
conditions. 
In the present paper we shall prove the following theorem. 
THEOREM. Let qI and q2 be two integers greater than 1. Suppose that 
(qI , q2) = 6 > 1. Let fi and f2 be integral-valued additive functions. In 
order that the pair VI , fa] be u.d. mod [ql , qe] it is necessary and su$%ient 
that both conditions (1) and (2) below be sat&Bed: 
(1) fi is u.d. mod q1 andfi is u.d. mod q2 ; 
(2) for each pair [A, , A,] of integers satisfying 0 < A, < 6,O < A, < 6, 
and (A1 , A,) = 1, the function A& + h,f, is u.d. mod 6.2 
It should be noticed that conditions (1) and (2) are necessary without 
the hypothesis that the functions are additive. 
We already remarked that (1) is obviously necessary. The proof of the 
necessity of (2) is very simple. 
Suppose that the pair [fi ,f2] of integral-valued arithmetical functions 
is u.d. mod [qI , q2]. 
Let A, and Aa be integers satisfying (A, , A, , 8) = 1, a condition which is 
less restrictive than the above stated condition (2), and let h = h,f, + Azf, . 
1 On integral-valued additive functions, J. Number Theory 1 (1969), 419-430. 
2 This theorem is stated without proof in Seminaire Delange-Pisot-Poitou, 10e an&e, 
1968/69, no 5. 
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c %Z o<2<q1 ( f nc, lj 
h(n) =wtmod 6) ow<qz f,(n) =r(mod cl,) 
A1zfA2~ -r(mod 6) f,(n) =utmod ~1 
Since (A, , A, , 8) = 1 the congruence 
X,x + A, y = I (mod 6) 
has exactly 6 solutions satisfying 0 < x < 6 and 0 ,< y < 6, and therefore 
exactly 6 - q&3 - q&3 = qlq2/6 solutions satisfying 0 < x < q1 and 
OBY <q2. 
It follows that the above expression tends to q1q2/6 * l/q,q, = l/6 as z 
tends to infinity. 
The proof of the theorem will consist in proving that the stated condi- 
tions are sufficient for v1 ,fi] to be u-d. mod [ql, q2] if f, and fi are 
supposed to be additive. 
2. PREREQUISITES 
It is useful to recall some points of our previous paper. 
2.P Let f be an integral-valued additive function and let q be an 
integer greater than 1. 
In order that f be u.d. mod q it is necessary and sufficient that, for each 
integer m satisfying 1 < m < q, at least one of the following conditions be 
satisfied:* 
(3) q,z(p)j = +a; 
(4) for every integer r 2 1, 2mf(2+)/q is an odd integer. 
Now, let A(f q) be the set of those divisors d of q for which 
c I<,*. 
dTf(P) JJ 
Obviously every divisor of an element of A(f, q) is also an element of 
this set. 
8 See 53.1.2 of the paper referred to above. 
4 Throughout this paper the letter p always denotes a prime. 
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Let D(J q) be the greatest element of A(f q) and let d(f, q) = q/D(ft q). 
Then, condition (3) is equivalent to 
(5) 4L 4) 7 m- 
(This equivalence holds without the hypothesis that 1 < m < q). 
From this it follows easily thatfis u.d. mod q if and only if 
either Dcf, q) = 1 
or D(f, q) = 2 and f(2’) is odd for all r > 1. 
(Of course, the latter case can occur only if q is even). 
2.25 Letfi andf, be integral-valued additive functions, and let q1 and 
q2 be integers greater than 1. 
In order that the pair [fr ,f,] be u.d. mod [ql , q2] it is necessary and 
sufficient that, for each pair [m, , mz] of integers satisfying 
(6) 0 d m, < q1 , 0 < m, < q2, and ml + m2 > 0, 
at least one of the following conditions be satisfied? 
(7) c L+q 
nl,f,(~,)/g~+m,f,(e)19,42 p 
(8) for every integer P 3 1, 2mlfi(23/q, + 2m,f,(F)/q, is an odd 
integer. 
3. PROOF OF THE THEOREM 
Let fi and f2 be integral-valued additive functions. Suppose that condi- 
tions (1) and (2) are satisfied. 
We have to prove that, for every pair [ml , m2J of integers satisfying (6), 
at least one of conditions (7) and (8) is satisfied. 
We set q1 = 6q,‘, q2 = 6q2’. 
3.1. We first notice that 
mAP> 1 Mi(P) ---=- + m2fiW 
41 
+ m2hW 
q2 6 ( 41' 42' 1. 
For this to be an integer it is necessary that m&(p)/q, + mJ2(p)/q,’ be 
an integer. Since (ql’, q2’) = 1, the latter number cannot be an integer 
unless both mlfl(p)/ql’ and m2f2(p)/q2’ are integers. 
5 See $3.2.2 of our previous paper. 
6 We denote by 2 the set of all rational integers. 
INTEGRAL-VALUED ADDITIVE FUNCTIONS 165 
Therefore m,f,(p)/q, + mJ&)/q, cannot be an integer unless both 
mJ;(p)/ql’ and m,f,(p)/q,’ are integers, and it follows that (7) is certainly 
satisfied if 
(or both). 
By the results quoted in $2.1. we see that condition (7) is certainly 
satisfied if 
4h 9 41') 3, ml or d(f, , q2’) 7 m, (or both). 
For simplicity, from now on we shall write A, and d, for fl(f, , ql’) and 
4.1% , q2’), and 4 and D2 for Dcf, , ql? and D(fi , q2’). 
We have to investigate the case when 
(9) A, I ml and A, / m2. 
3.2. (9) with conditions (6) is equivalent to 
m, = klAl and mB = keAz , 
where 
0 < k, < SD,, 0 d k, < 6D,, and kl + k2 > 0. 
If m, = k,A, and m2 = kzAz , then we have 
and 
‘%.fW) + 2m2f,W) = f WX2’) + WXW 
41 q2 ( 4 1 D2 ' 
It follows from (10) that the condition 
is equivalent to 
W&4 
41 
+ m2f2(d gz 
q2 
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Thus we have to prove that, for each pair [k, , k,] of integers satisfying 
0 < k, < SD,, 0 < k, < SD,, and k, + kz > 0, 
at least one of the following conditions is satisfied: 
(11) c ‘=+co, 
klfl(P)/Dl+k*fi(ll)lD848Z p 
(12) for every integer r 3 1, (2/S) (k,f,(23/D, + k&23/D& is an 
odd integer. 
3.3. Since fi is u.d. mod ql , it is u.d. mod ql’, and 
either Dl = 1 
or D, = 2 and f,(2’) is odd for all r > 1. 
Similarly fi is u.d. mod qz’ and 
either Da = 1 
or D, = 2 and fi(2”) is odd for all r > 1. 
Moreover, since (ql’, (Iz’) = 1, D,/q,‘, and DJqi, we cannot have 
D1 = D, = 2. 
Therefore only three cases are possible: 
1. D,=D2=1, 
2. D, = 2, D, = 1, and fi(2’) is odd for all r > 1, 
3. D, = 1, D, = 2 andf,(2r) is odd for all r > 1. 
Cases 2 and 3 are similar. It suffices to consider cases 1 and 2. 
3.4. Case when D, = D, = 1. 
We have 0 < k, < 6,O < k, < 6, and kl + k2 > 0. 
Let @I, k,) = P, k, = P& , ka = PA, . 
We obviously have 
0 < Al < 8, 0 < As < 6, A, + A, > 0, and 1 < p < 8. 
L&h = AJI + hzfz. 
Then condition (11) reduces to 
c L+co, 
84Ph(P) p
while condition (12) is: for every integer r > 1,2ph(23/6 is an odd integer. 
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By the first result quoted in $2.1 at least one of these conditions is 
satisfied, for h is u.d. mod S since (A, , A,) = 1. (Either A, and A, are > 0, 
or h isfi or&). 
3.5. Case when D1 = 2 and D, = 1 (and.f,(2r) is odd for all r > 1). 
In this case ql’ is even (for D, is a divisor of ql’). 
We have 0 < k, < 2S,O < k, < 6, and k, + k, > 0. 
Let (k, ,2k,) = p, k, = pkl’, 2kz = pk,‘. 
We obviously have 
0 < k,’ < 26, 0 4 k,’ < 26, k,’ + k,’ > 0, and 1 < p < 26. 
Let I = klIfi + k,‘f, . 
We see that conditions (11) and (12) are equivalent to 
(14) for every integer r 2 1, pl(29/S is an odd integer. 
Now define AI’ and A,’ by 
and 
‘1’ = k,’ _ S I 
k, if k,’ < 6, 
if S < kl’ -c 26 
kz’ 
‘,’ = k,’ _ S I 
if k,’ < S, 
if S < k,’ < 26, 
and set h = h,‘f, + X,‘f, . 
We obviously have 0 < A,’ -=z S and 0 < A,’ < 6, and we see that 
A,’ + A,’ > 0 and (A,‘, Ai, 6) = 1. 
In fact A,’ + A,’ cannot be zero unless both k,’ and k,’ are 0 or 6, which 
is impossible since k,’ + k,’ > 0 and (k,‘, k,‘) = 1. 
Moreover, if d divides Al‘, h2/, and 6, then d divides k,’ and ki, and 
therefore d = 1. 
Set (Al’, AZ’) = U, A,’ = oh, , A,’ = ah, . 
WehaveO<h,<S, O<X,<S, A,+X,>O, and(A,,X,)=l. 
Moreover (cr., S) = 1. 
We see that the function A,f, + A& is u.d. mod 6. 
This follows from condition (2) if both A, and AZ are > 0. 
Otherwise A& + hzfi is either-f, orfi .r But fi is u.d. mod S since it is 
’ For, if X is a positive integer, (A, 0) = A. 
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u.d. mod ~7~ which is a multiple of 6, and fi is u.d. mod 6 for it is u.d. mod 
q2 * 
Now, given any integer r, the congruence h(n) = r (mod 8) is equivalent 
to 
4Gfi(4 + h2Sz(n>l = r (mod 8) 
Since (a, 8) = 1, this is equivalent to 
Ud4 + h2fiW = r' (mod @, 
where r’ is a solution of the congruence (TX = r (mod 6). 
It follows that h is u.d. mod 8. So is I, since we obviously have for every 
n 
I(n) = h(n) (mod S). 
3.5.1. If p is even, we may set p = 2~‘. Then (13) and (14) become 
(15) c I= +a 
6*P’z(P) p 
and 
(16) for every integer r 2 1,2~‘1(2~)/S is an odd integer. 
Since I is u.d. mod 8 and 1 Q p’ < 6, at least one of these two conditions 
is satisfied (see $2.1). 
3.5.2. Now suppose that p is odd. 
Then kl is odd, and therefore k,’ is odd; k,’ is even. 
It follows that for every n 
I(n) = fi(n) (mod 2). 
This implies that Z(2’) is odd for all r > 1 and, since D1 = 2, that we 
have 
(17) ,*& ; -=c +a. 
By the results recalled in $2.1 condition (13) is certainly satisfied if 
d(l, 8) 7 p (for, if 6 f pi(p), then 28 +’ pZ(p)). 
Since I is u.d. mod 8 we have either D(I, 8) = 1 or D(1, 8) = 2. 
If 6 is odd, then we have D(l, S) = 1, so that d(l, 8) = 6, and therefore 
(13) is certainly satisfied if p # 6. But (14) is satisfied if p = 6. 
If 6 is even, then D(I, 8) = 2 (because we have (17)). Therefore 
d(l, 6) = 612 = a’, say. 
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We know that condition (13) is certainly satisfied if 6’ f p. It remains to 
examine the case when 6’ / p, that is p = 6’ or p = 36’ (since 0 < p < 26 
and p is odd). 
In both cases (13) reduces to 
(18) c ;= +a. 
4+-Z(P) 
We shall see that (18) is actually satisfied. 
We first notice that, if p = 6’, then we must have 
either k,’ = 1 and k,’ = 0 or 2, 
or kl’ = 3 and kz’ = 2, 
for k,’ and k,’ are < 4, k,’ is odd, k,’ is even, and (kl’, k,‘) = 1. 
If p = 36’, then we obviously have k,’ = 1 and k,’ = 0. 
It follows that I is one of the functions 
Condition (18) is satisfied if I = fi for fi is u.d. mod q1 , so that 
and q1 is divisible by 4. 
It remains to prove that (18) is also satisfied if I = fi + 2fi or 
I= 3fi + 2fi. 
We know that 
Since “2 r fi(p) + fi(p)" implies “2 7 fi(p) or 2 r f,(2)“, if we had 
c Ptf,(pj : l/p < + co, then we should have also 
Since 6 is even, it would follow that D(fi , 6) > 1 and D(fi + fi , 6) > 1. 
Since fi is u.d. mod 6, because it is u.d. mod q2 , and fi + fi is u.d. mod 6 
by our hypothesis, f,(2r) and f,(2’) + f,(2r) should have to be odd for all 
I >, 1. 
This is impossible for fi(2’) is odd. 
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This proves that we have 
It follows that the set A(& , 2S)8 can contain only odd divisors of 6. It 
cannot contain any odd divisor of 8 greater than 1 for fi is u.d. mod 6 
(because it is u.d. mod 42). Therefore D(fa ,26) = 1. This implies that fi 
is u.d. mod (2&f, is also u.d. mod (26) for it is u.d. mod ql and 26 [ ql . 
Since (23,26) = 28 and (1,2,26) = (3,2,26) = 1, both functions 
fi + 2fz and 3fl + 2fz are u.d. mod (28). 
This implies Dcfi + 2fS ,26) G 2 and D(3fl + 2fi ,26) < 2, and, since 
4 126, this in turn implies 
c 1 = +m and 
4d,(D)+w*(9) p 
4. GENERALIZATION 
Our theorem can be generalized for more than two functions as follows. 
Let fi , f2 ,..., fS be integral-valued additive functions and let ql , q2 ,..., qS 
be positive integers. 
Suppose that q1 = 6q,‘, qS = 8q2’,..., q9 = 6q,‘, where 6 is > 1 and 
, I ql , q2 ,..., qS’ are coprime in pairs. 
Then, in order that the system V; , fi ,..., fS] be u.d. mod [ql , qz ,..., q,] 
it is necessary and suficient that both conditions (a) and (b) below be 
satisfied: 
(a) for each j, fi is u.d. mod qj , 
(b) for each system [A,, A, ,..., A,] of integers satisfying 0 < A, < S 
for j = 1,2 ,..., s, A, + A, + -** + A, > 0 and (A1 , AS ,..., A,) = 1, the 
function Alfi + Aafi + 1.. + ASfS is u.d. mod 8.% 
The proof is very similar to the one given above, and we leave it to the 
reader. 
a see 52.1. 
0 The reason why in the case when s = 2 we can replace 0 < .I$ < 6 by 0 < h, < 8 
is that in doing this we omit only the systems (1,O) and (0,l) corresponding to the 
functions fi and fB , which are u. d. mod 6 by (a). 
